Introduction
The use of advanced laminated composite materials in deep submersible applications has received much attention in recent decades [1] . The material used in such applications must necessarily be thick-sectioned and must resist large hydrostatic pressures. The laminated shelltype structures thus fabricated must be designed to resist catastrophic collapse caused by global (structural) buckling. The deformation and failure behaviours (e.g. buckling/post-buckling, shear crippling, mode II fracture, etc.) of these laminates are of great concern to designers and operators alike. Of primary interest is the sensitivity of the response of a thick composite ring or cylindrical shell to thickness shear, fibre misalignments, as well as to geometrical defects such as modal imperfections, e.g. out-of-roundness. The latter two are apt to be generated during a large-scale fabrication process of such submersibles.
A number of localization phenomena, e.g. necking of a metal bar in tension [2] , and shear banding followed by necking in a polycarbonate bar under tension [3] , have been reported in the literature. Tvergaard [4] has presented a detailed review of the literature on localization of buckling pattern in elastic-plastic thin structural elements, localization of plastic flow, including shear band formation in solids and localized necking in biaxially stretched metal sheets, and cavitational (void growth) instabilities in elastic-plastic solids. In what follows, occurrence of localization/delocalization in thick imperfect cross-ply very long cylindrical shells (plane strain rings), under applied hydrostatic pressure, leading to compressive fracture, is numerically/analytically investigated. Although the problem of tensile fracture of composite laminates has been extensively studied, its compression counterpart has hitherto remained largely unaddressed in the literature, which is the primary focus of this investigation. Figure 1 shows typical failures observed in carbon fibre reinforced plastic (CFRP) cylinders tested at NSWC, Carderock, MD, USA [1, 7, 8] . Failure has usually been instantaneous and catastrophic, which has also been observed in thick composite rings by Abdallah et al. [9] . As shown in figure 1 (and also figure 7 of Chaudhuri [5] ), it creates a longitudinal crack through the entire length of the cylinder at kink boundary angle,β, in the range of [28] [29] [30] [31] [32] [33] [34] [35] • through the cross section. The fibres are broken into quite short lengths along almost the entire cylinder length within the kink band; failed cross-ply ring specimens are shown in figures 9 and 10 of Chaudhuri [5] . Observations made from the failed cylinder and ring specimens and detailed theoretical analysis suggest that the failure may have initiated at a stress concentration site such as initial fibre waviness or misalignment shown in figure 2 (see also figure 3 of Chaudhuri & Kim [11] ), and the associated resin-rich area. It has been suggested that initial fibre misalignment, ultimate shear strain of fibres and the two transverse shear moduli of a laminate are the key parameters limiting the compressive strength [5] . Chaudhuri & Garala [10] have reported a remediation by using a hybrid carbon/glass commingling concept. They have also introduced a Griffith type of fracture criterion for the stability of damage/crack growth, based on the principle of energy balance, to derive the then-unknown concept of kink toughness (i.e. resistance to kink band propagation).
Propagation of kink band appears to be due to unstable (mode II) crack growth in the neighbouring fibres along the kink band angle,β, triggered by the energy released by the kinking or fracture of a defective (e.g. wavy or misaligned) fibre bundle. Chaudhuri et al. [12] and Chaudhuri [6] have investigated kink propagation in glass fibre reinforced unidirectional composites, using eigenfunction expansion techniques [13] [14] [15] [16] applied to fully bonded fibrematrix kink-wedges. A three-dimensional eigenfunction expansion technique, based in part on separation of the thickness-variable and partly using a modified Frobenius-type series expansion [17] [18] [19] [20] [21] [22] [23] in conjunction with the Eshelby-Stroh formalism, has been used to compute the local stress singularity, in the vicinity of a kinked-fibre/matrix trimaterial junction front, representing a measure of the degree of inherent flaw sensitivity of unidirectional carbon fibre reinforced composites under compression [6] . In a polyacrylonitrile (PAN) based carbon fibre such as AS4, micro/nano-kinking, more prominent in the fibre-misaligned regions, is primarily caused by crystallite disorientations [24] and the presence of crystal boundaries, as detected Fibre misalignment of hoop layers (15×) in a thick carbon/epoxy cylindrical specimen tested at NSWC, Carderock, MD [5, 6, 10] .
by the Raman and X-ray measurements [25] , as well as dislocation glide in crystallites [6] and intra/intercrystallite disorders [26] .
The elastic post-buckling response of relatively thin isotropic or laminated arch/ring/shelltype structures under external pressure, which is known to be primarily characterized by the stability or loss thereof of equilibrium at the macrostructural level, has been extensively studied during the past few decades (see [27] [28] [29] and citations therein). The buckled states of an externally pressurized cylindrical shell are characterized by a cellular shape in the circumferential direction with a large azimuthal number [30] [31] [32] . The influence of localized imperfections on the elastic buckling of a long cylindrical shell (with large Batdorf parameter) under axial compression, by using a double scale analysis including interaction modes, has been investigated by Hunt & Lucena Neto [33] and Jamal et al. [34] .
Compressive response of two extreme cases of cylindrical shell-type structures weakened by the presence of localized imperfections has been investigated by Kim & Chaudhuri [31] . These two extreme cases are (i) thin metallic cylindrical shells, which are characterized by the previously mentioned cellular shape in the circumferential direction with a large azimuthal number, and (ii) thick laminated advanced fibre reinforced composite rings (very long cylindrical shells), whose response is dominated by the interlaminar or transverse (primarily shear) deformation. Kim & Chaudhuri [35] have investigated the role of lamination sequence, in conjunction with modal imperfection in lowering the load-carrying capability of infinitely long thick laminated cross-ply cylindrical shells (plane strain rings) with linear material property. The appearance of a limit point on the elastic post-buckling equilibrium path has been found to be a measure of the effect of interlaminar shear/normal deformation on localization [31, 35, 36] .
The complexity of compression fracture of thick composite cylindrical shells is a result of the synergy of different physical mechanisms at play at multiple scales ranging from Angströms to centimetres and beyond [6] . These complexities and uncertainties relate to very fundamental questions pertaining to (i) linkage between macrostructural instability, such as buckling/postbuckling failure of a structural component, e.g. a ring or cylindrical shell at the geometric scale of at least several centimetres and larger [11, 31, 32, [35] [36] [37] , and microstructural instability, such as kink band type failure at the fibre-matrix level (at the geometric scale of about 10 µm) investigated by Chaudhuri & Garala [10] , Chaudhuri et al. [12] , Chaudhuri [6] , Moran et al. [38] , Moran & Shih [39] , Gutkin et al. [40] and others. The nonlinear finite-element analysis (FEA) results [11, 31, 32, [35] [36] [37] [41] [42] [43] pertaining to the appearance of a limit point on the equilibrium path that results in localization of the deformation pattern in and lowering of the load-carrying capability of laminated carbon/epoxy composite cylindrical shells and rings, demonstrate their extreme sensitivity to thickness shear, modal/local geometric imperfections as well as material nonlinearity ('yield' stress and strain hardening).
Employing a different strategy, Wadee et al. [44] have performed experiments on constrained layers of A4 size papers, and compared their experimental results, relating to the angle of orientation and kink band width as well as post-kink load-deflection response, with their onedimensional analytical counterparts. More recently, Wadee et al. [45] have presented a similar analytical model for investigating kink band-type instability in laminated composite struts.
The above-mentioned review of literature (and the references therein) reveals that although considerable efforts have been devoted to the issue of localization, not much analytical/computational attention has been directed towards the experimentally observed [4, [7] [8] [9] compressive damage/fracture initiation and propagation. The combined effects of modal imperfections, transverse shear/normal deformation with/without the reduced transverse shear modulus (G LT ) caused by (average fibre misalignments) on the emergence of interlaminar shear crippling-type instability modes, related to the localization (deformation softening), delocalization (deformation hardening) and propagation of mode II compression fracture/damage, are investigated. Of special interest is the question: what are the geometric and/or material parameters that would induce localized and delocalized states in (very) long cross-ply cylindrical shells under hydrostatic compression simultaneously, and what would be the consequences of such occurrences? The primary objective of this investigation is to answer this question. The second and most important objective is the (hitherto unavailable) computation of the mode II stress intensity factor (and energy release rate) and shear damage/crack bandwidth, for cross-ply composite plane strain rings (very long cylindrical shells) under compression, from a nonlinear FEA, using Griffith's energy balance approach. Additionally, the shear crippling angle is determined using an analysis, pertaining to the elastic plane strain inextensional deformation of the compressed cross-ply (very) long cylindrical shell (plane strain ring).
2. Basic relations and solution strategy for nonlinear analysis of a thick long cylindrical shell (a) Three-dimensional kinematic relations for a thick shell
This study primarily focuses on the problem of (geometric) nonlinear post-buckling behaviour of a thick cross-ply very long cylindrical shell (plane strain ring), and includes, in contrast to the traditional von Karman approximation, all the nonlinear terms in the kinematic equations [46] . Kim & Chaudhuri [46] have earlier addressed the issue of accuracy of the von Karman nonlinear strain assumption which has been found to overestimate transverse displacements (deflections) in the large deflection/strain regime. Invocation of the theory of parallel surfaces permits the coefficients of the first fundamental differential quadratic form of a surface inside the kth lamina of a laminated imperfect cylindrical shell to be written in terms of their bottom surface counterparts as follows [46, 47] 
in which ρ(k) denotes the radius of curvature of the inner surface of the kth layer of an imperfect cylindrical shell, whereas x, β, z represent coordinates of a point inside a layer of the same. x and β are attached to the reference (innermost or bottom) surface of the shell, whereas ζ is the radial distance of a point inside kth lamina measured from its inner or bottom surface. The components of the engineering nonlinear strain in terms of the physical components of the displacement vector at an arbitrary point inside the kth lamina can be written as follows [46, 47] 
A fully nonlinear thick shell finite-element is employed in order to obtain the discretized system equations [11, 36] . The element uses the total Lagrangian formulation in the constitutive equations and incremental equilibrium equations. Kim & Chaudhuri [46] , Hsia & Chaudhuri [47] and Chaudhuri & Hsia [48, 49] have employed fully geometric nonlinear kinematic relations for perfect relatively shallow homogeneous isotropic and cross-ply [0/90] panels. A curved 16-node isoparametric layer element, based on an assumed quadratic displacement field (in the surfaceparallel coordinates), employs a layer-wise linear displacement distribution through thickness. The method of virtual work, which is employed to derive the fully nonlinear finite-elementbased discretized incremental equations of motion, is outlined in §S1 of electronic supplementary material. The isoparametric finite-element discretization and iterative schemes are also described there in §S2 in the electronic supplementary material. Greater details are available in Chaudhuri & Kim [36] . As an alternative approach, a curved laminated shell element of triangular planform that assumes transverse inextensibility and layer-wise constant transverse shear-angle or crosssectional warping (zigzag theory) as a reasonably accurate approximation to the nonlinear cross-sectional warping, obtainable from the three-dimensional elasticity theory, developed by Chaudhuri [50] , can also be employed for the present purpose. This will be explored in a future study. Figure 3a depicts the geometry of a laminated ring with modal imperfection. Denoting the distance from the central axis of the perfect ring to the innermost surface of the imperfect ring as r(θ ), and amplitude of the modal imperfection that corresponds to mode 2 of classical buckling Table 1 . Material lay-up definitions of a laminated composite cylindrical shell (plane strain ring) material data with respect to the global coordinate (x, β, z) for different lay-ups. of a ring as w 0 , the inner surface with a modal imperfection, described in figure 3b, can be mathematically represented as follows
in which θ represents an angle measured from the global x 3 -axis, as shown in figure 3b . Chaudhuri et al. [51, 52] have presented a nonlinear resonance (eigenvalue)-based semi-analytical solution technique for prediction of the elastic mode 2 collapse pressure of a moderately thick cross-ply ring, weakened by a modal-or harmonic-type imperfection. The inner radius, R i , of the corresponding perfect ring is 8.89 cm (3.5 inch), whereas its thickness, h, is either 2.96 cm (1.167 inch) or 1.48 cm (0.583 inch). The material lay-up of a (very) long cross-ply cylindrical shell (plane strain ring) under investigation is presented in table 1. Fibre orientation angles, α = 0 • and 90 • , represent the axial (or longitudinal) and hoop directions, respectively, of the cylinder or ring. The linear elastic properties of a Narmco 5605 graphite-epoxy orthotropic lamina under compression are taken from appendix C of Jones [53] . These are listed as follows
where E LL and E TT represent, respectively, the longitudinal and transverse Young's moduli, whereas ν LT denotes the major Poisson's ratio, of a unidirectional lamina. G LT and G TT are, respectively, the shear moduli in the L-T and T-T planes. Here, L and T denote directions parallel and transverse to the fibre direction, respectively.
The finite-element model of a quarter of the plane strain imperfect ring along with the prescribed boundary conditions is similar to what is presented in figure 10 of Chaudhuri & Kim [11] for the corresponding perfect one. The details on symmetry and boundary conditions as well as those relating to nonlinear FEA are available in Chaudhuri & Kim [11, 36] .
Nonlinear finite-element analysis produced numerical results
A convergence check is available in table 2 of Kim & Chaudhuri [46] . The convergence criteria, given by equations (47) of Chaudhuri & Kim [36] , are implemented in this investigation as follows: ε f = ε e = 5 × 10 −3 , where ε f and ε e represent the force and energy convergence criteria, respectively. Chaudhuri & Abu-Arja [54] have demonstrated the importance of selection of proper step size of the loading in the nonlinear range. One improperly chosen large step size can induce an artificial chaotic situation, even if subsequent load step sizes are properly selected.
In what follows, the effect of a modal imperfection, in conjunction with (i) thicknessinduced transverse shear/normal (primarily shear) deformation, and (ii) average (uniformly distributed) fibre misalignments, on the nonlinear (large displacement/strain) response of the ring is numerically investigated. The primary focus is on, as mentioned earlier, the geometric and/or material (G LT ) parameters that would induce localized and delocalized states in crossply cylindrical shells under hydrostatic compression simultaneously, and what would be the consequences of such occurrences. It may be noted that while localized modes are responsible for 'concentration of energy in a small part' of a system, their delocalized or extended counterparts permit 'transfer of energy over the entire extent of the system' [55] . 
(a) Effect of thickness-induced transverse shear/normal deformation on localization and delocalization
Referring to electronic supplementary material, figure S1 (see also §S3, electronic supplementary material), for a very thick (R i /h = 3) cross-ply (very) long cylindrical shell (plane strain ring), the process of localization or deformation softening continues till the appearance of a second limit point, called the forward tangent bifurcation, on the equilibrium path. Appearance of the second saddle-node or forward tangent bifurcation, that represents delocalization (extended or periodic orbit), is delayed beyond the point of touching of the diametrically opposite innersurface points in the vertical direction, as the thickness-shear effect decreases, or R i /h increases (R i /h ≥ 6). The situation involving the appearance of the second saddle-node or forward tangent bifurcation, which induces delocalization (onset of deformation hardening [56] ) or extended state is the primary focus of the present investigation (electronic supplementary material, figure S1 ). It may be noted here that because the failure (shear) strain of the quasi-brittle material, such as carbon fibre reinforced epoxy of a thick imperfect long cylindrical shell (plane strain ring) under consideration is very limited unlike that of a ductile metallic pipeline material. Consequently, instead of buckle propagation, there will be shear crippling instability resulting in compression fracture. It may be remarked here that experimentally, localization/delocalization phenomena have been observed in certain polymers. Meinel & Peterlin [57] have, for example, investigated highdensity polyethylene to establish correlations of 'draw ratios' (i.e. large strain deformation) with morphological changes occurring during deformation. They have essentially studied the interplay of two opposing mechanisms of deformation: the effect of the first one, 'associated with the destruction of the original microspherulitic structure', is progressively reduced with the increase of the 'draw ratio', whereas that of the second one, relating to 'the sliding motion of the microfibrils formed during the first deformation step' just does the reverse.
In the context of this investigation, thickness-shear is primarily responsible for the appearance of a limit point or localization, followed immediately by deformation softening. A fully developed kink band is shown in figure 4f of Gutkin et al. [40] , at which stage the fibres have rotated to φ ∼ 40 • . This is broadly in agreement with the observations of Moran et al. [38] and Moran & Shih [39] to the effect that the fibres have rotated unstably to a final value of φ ∼ 40-45 • (see also Chaudhuri [6] ). Because the fibres within the band have rotated up to 40-45 • , the local transverse (i.e. in the thickness direction) Young's modulus would considerably increase, which would be instrumental in resisting the external hydrostatic pressure. In the process, the rotated fibres would tend to flatten, thus enabling the thick (very) long cylindrical shell to undergo deformation hardening. This could, of course, happen only in the absence of a localized defect.
(b) Effect of average (uniformly distributed) fibre misalignments on localization and delocalization Electronic supplementary material, figure S2 (see also, §S4, electronic supplementary material) demonstrates that for sufficiently higher average fibre misalignment (φ/γ f = 1.5) cross-ply (very) long cylindrical shell, the process of localization or deformation softening continues till the appearance of a second limit point, called the forward tangent bifurcation, on the equilibrium path. Appearance of the second saddle-node or forward tangent bifurcation, that represents delocalization (extended or periodic orbit), is delayed beyond the point of touching of the diametrically opposite inner-surface points in the vertical direction, for a composite shell with perfectly aligned fibres (φ/γ f = 0). As before, the situation involving the appearance of the second saddle-node or forward tangent bifurcation, which induces delocalization (onset of deformation hardening [58] ) or extended state is the primary focus of the present investigation (electronic supplementary material, figure S2 ). (c) Maxwell's construction, propagation pressure and localized shear crippling damage Figures 4 and 5 show the normalized propagation pressure, p * P = p P /p cr,Donnell , computed using Maxwell's construction (see e.g. Chaudhuri & Kim [36] for a detailed discussion), for a very thick elastic (very) long cylindrical shell (R i /h = 3), and sufficiently higher average fibre misalignment (φ/γ f = 1.5). Maxwell's construction has also been employed by Hunt & Lucena Neto [59] , Budiansky et al. [60] , Hunt et al. [61] and Wadee & Edmunds [62] for similar purposes.
Chaudhuri & Kim [11] introduced a local or dimple-shaped imperfection superimposed on a fixed modal one. With the increase of local imperfection amplitude, the limit load (hydrostatic pressure) decreases, and also the limit point appears at an increased normalized deflection. Additionally, the load-deflection curves tend to flatten (near-zero slope) to the lowest pressure level, signalling the onset of 'phase transition' in the localized region, and coexistence of two 'phases', i.e. a highly localized band of shear crippled (kinked) 'phase' and its un-shear-crippled (unkinked) counterpart along the circumference of the (very) long cylindrical shell. The Maxwell construction then implies the possibility that under favourable condition, such as the presence of a severe localized defect, e.g. a dent (figure 6) or fibre misalignment, the equilibrium configuration of the externally pressurized (very) long cylindrical shell (plane strain ring) will involve such a two-'phase' state. This numerical experiment by Chaudhuri & Kim [11] serves as a justification for employment of the artifice of Maxwell's construction in this investigation.
Figures 4 and 5 show that the equilibrium path under the above conditions will follow the pathway, OACFG, instead of OABCDFG, computed using the nonlinear FEA. The straight equilibrium path, ACF, represents the normalized propagation pressure, p * P , computed using Maxwell's construction (see e.g. Chaudhuri & Kim [36] for a detailed discussion), for the two cases discussed above. The pathway, ACF, represents a mode II (or more likely, mixed mode with mode II dominance) crack growth under a fixed pressure, which can be used for computation of energy release rate, as in conventional fracture mechanics. The equilibrium path segment, FG. . . , represents a residual load-carrying capacity of the long CFRP cross-ply cylindrical shell, provided the material is either intrinsically ductile, or its ductility is enhanced through commingling of carbon fibres with amorphous glass fibres at the tow level [6, 10] . The CFRP material is generally considered brittle, however; therefore, the second option remains a possibility.
Localization/delocalization and propagation of shear crippling/kink band
Referring to electronic supplementary material, figure S1, it is seen that for a thin (very) long cylindrical (modally imperfect) shell (R i /h = 60) made of a linear elastic material, the pressuredeflection plot does not exhibit a limit point. The elastic post-buckling path is, in this case, stable, and the question of localization or limit point behaviour does not arise. With the decrease of R i /h (i.e. with progressive increase of thickness-induced shear) from 30 to 6, localization behaviour dominates with concomitant reduction of the localization pressure. Further decrease of R i /h to a value of 3 gives rise to the occurrence of localization and delocalization points on the equilibrium path. Similarly, referring back to electronic supplementary material, figure S2 reveals transition from localization to localization-delocalization states on the equilibrium path for a thick long cylindrical (modally imperfect) shell (R i /h = 6) with the increase of uniformly distributed fibre misalignment ratio, φ/γ f , from 0 to 1.5.
Referring back to figures 4 and 5, it is seen that localization-delocalization modes working in tandem give rise to the multi-scale and multi-physics phenomena of kink band at the nano/microscale and shear crippling at the macro-scale (to be discussed below). Localization concentrates the energy in a 'hot spot' [55] , such as a region of misaligned fibres at the micrometre scale, and intracrystallite and intercrystallite disordered regions [26] at the nanometre scale. The delocalized or extended states are responsible for kink-crack propagation at the propagation pressure. The active mechanism in simple kinking in a small graphite crystallite with intra/intercrystallite disorders, such as those obtained in PAN-based AS4, Thornel 10 type fibres is dislocation glide on {1011} planes [6] . Formation of kink band would arrest further dislocation gliding on the {1011} planes. Figure 7a ,b of Chaudhuri [6] schematically display the displacement of carbon atoms at and around the kink boundary of a graphite crystallite structure during kink band formation. Computed kink propagation angle,β(= 20.15 • ), in the nanoscale (i.e. crystallite) [6] is smaller than what has been experimentally observed (28-35 • ) in thick composite cylindrical shells tested at NSWC, Carderock, MD. The difference can be attributed to presence of previously mentioned intracrystallite and intercrystalite disorders, fibre tortuosity, crystallite disorientation, etc. at the nanoscale, and fibre misalignment, resin-rich areas, etc. at the microscale.
Raman spectroscopy has revealed the presence of carbon atoms with sp 3 hybridization in PAN/Rayon-based fibres with high intracrystallite disorder (D c ) [25, 26] . Among the laboratorygrown experimental fibres listed in table 1 of Chaudhuri et al. [25] , those with R = I(A 1g )/I(E 2g ) close to or greater than 0.8 and crystallite size of 5-6 nm or less are most likely to fail by kinking mechanism, where I represents the intensity of the Raman mode [6] . The commercial fibres such as AS4, Thornel 10 and Morganite II listed in table 2 of Chaudhuri et al. [25] also belong to this category. Also included in this category are PAN-based fibres listed in table 2 of Dobb et al. [26] , such as C2, X, Y, Z and T1000. Once a kink-crack is nucleated at a nano/microscale by the abovementioned localization mechanism, it will steadily propagate at the propagating pressure, p P , under the influence of the delocalization process.
Shear crippling-type compression failure (a) Determination of the shear crippling angle
Figures 4 and 5 show a steady-state propagation of kink band or shear crippling damage at the propagating pressure, p P . It is assumed for the purpose of illustration that fibre misalignment defect is present at the bottom of each 90 • lamina. This kind of defect may be restricted to a few fibres, which constitute the first sublamina (j = 1) of the kth lamina (k = 1, . . . , N) , where N denotes the total number of laminas. Each sublamina is assumed to be of equal thickness. The first step entails nucleation of a kink crack, of length, a Prediction of the microscopic failure mode and especially the shear crippling (or the kink band at the microscale) angle of the jth sublamina belonging to the kth layer,β
. . , N, will require an alternative analysis, pertaining to the elastic plane strain inextensional deformation of the compressed solid. What follows considers a more realistic example of an initial localized shear damage representing fibre misalignment ( figure 6 ). This can be mathematically represented by the following [5] 
in which H(y) represents Heaviside function, whereas y in equation (5.1) is obtained from the relationship dy = g β dβ. Following the analysis of Chaudhuri [5] ,β (k) j can be obtained as follows 
which has to be true [5] . In equation (5.2), σ
j,ave is the average circumferential compressive stress through the thickness of the jth sublamina belonging to the kth layer (k = 1 or 3), and is given by
where
, γ , δ = 1, 2, (5.5) and h j and h j+1 denote, respectively, the distance of the top and bottom surface of a sublamina from the bottom surface of a lamina, whereas t k and R 
(b) Mode II fracture/damage
A careful examination of figures 4 and 5 reveals that the previously discussed Maxwell's construction corresponds to an assumed mode II (actually mode II dominated mixed mode) fracture at constant (propagating) pressure, p P , which corresponds to the steady-state propagation of the kink band at the micro (fibre-matrix)-scale. The mode II energy release rate, G IIP , at fixed load (propagation pressure) is given by [56] 6) in which a is the crack length, L is the length of a long cylinder (width of the plane-strain ring), and represents deflection, while [56] 
Because mode II energy release rate at propagation pressure, p P , in the jth sublamina of the kth lamina is given by [63] 
in which
and K
(k)
IIPj , which denotes the mode II stress intensity factor of the kink-crack, when it has propagated up to the jth sublamina of the kth lamina, at propagation pressure, p P , can be 10) ignoring the curvature and other geometric effects. Far-field applied shear stress, τ
P , in equation (5.12) can be written as follows [10] N s for j = 1, . . . , N s (figures 4 and 5) yield the half-bandwidth of the shear damage (kink crack) as follows 12) in which
and
The corresponding (maximum or critical) mode II stress intensity factor and energy release rate in the kth lamina, as the mode II kink-crack propagates up to the jth sublamina, at propagation pressure are given as follows
6. Numerical results relating to shear crippling-type compression failure and mode II fracture/damage
The following normalized quantities are defined
in which the fibre diameter, d f = 8 µm. The critical buckling pressures, p cr,FEA of the corresponding perfect cross-ply (very) long cylindrical shells (plane strain rings), used here for normalization, have been computed using the linearized version of the same FEA (table 2; Kim & Chaudhuri [58] ).
Figures 7a,b and 8a,b display the variation of shear crippling angle,β k , k = 1, 3, and the normalized kink-crack length, a * , through the thickness of a lamina (k = 1 or 3) of a thick [90/0/90] long cylindrical shell, for the previously mentioned two cases: (i) thicknessinduced transverse shear/normal deformation, and (ii) average (uniformly distributed) fibre misalignments. These results are summarized in tables 2 and 3. The kink crack is assumed to grow simultaneously from a fibre misalignment defect located at the inner surface of each lamina. It should be noted that only the hoop or 90 • -layers (i.e. k = 1 or 3) suffer from shear crippling type compression failure arising out of fibre misalignments at the microscale. Because the cylindrical shell is assumed to be infinitely long, the 0 • layer behaves like a transversely isotropic solid, and is subjected to tensile stress in the circumferential direction. figure 7b and tables 2 and 3 register a much lower value of 17.658 • , for the uniformly distributed (average) fibre misalignment case, which is comparable toβ (=20.15 • ), obtained by dislocation glide mechanism [6] . It may be remarked that the computed value of 17.658 • is closer to elastic microbuckling of a unidirectional lamina withβ = 0 • . This is due to the reduced shear modulus of the lamina [37, 45] , making fibres more (relatively speaking) susceptible to microbuckling in the shear mode. Furthermore, these uniformly distributed fibre misalignments resemble the microbuckled state under shear mode.
As has been noted by Chaudhuri [6] , kink band formation is ubiquitous across all scales, starting from the nanometre or crystallite level (Although Wadee et al. [44] have made a casual mention in their introduction, 'Kink banding is a phenomenon seen on a variety of scales across the physical sciences', no in-depth analytical/numerical investigation on the ubiquity of kink banding across all scales was available in the literature prior to the work of Chaudhuri [6] and the present study.). Shear crippling and kink band represent the same instability phenomenon viewed at three or more geometrical scales: the former at the meso-structural (lamina) level [11] , whereas the latter at the micro-structural (fibre-matrix) scale (see figure 12a of Chaudhuri [5] ) as well as at the nanometre (crystallite) scale, described in Chaudhuri [6] . This is because, defects are ubiquitous at all geometrical scales, in a fractal-like formation, starting from modal imperfection, namely classical mode 2 (buckling) type, operating at the macro-scale (metre), to meso-scopic or lamina level operating at the scale of 130 µm, to fibre misalignment defects operating at the scale of 8-10 µm, to inter/intracrystallite disorders operating at the scale of 5 nm, to all the way down to the atomic scale (2-3 Å) at which a kink is nucleated by dislocation glide mechanism. The classical buckling pattern has ultra-long range order of several centimetres to metres depending on the size of the structure, whereas at the other extreme, the Peierls-Nabarro stress associated with a dislocation glide has the shortest range order (less than 10 Å), with everything else in between these two vastly different scales, involving multiple physico-chemical mechanisms. 
[90/0/90] (very) long cylindrical shell, for the previously mentioned two cases: (i) thicknessinduced transverse shear/normal deformation, and (ii) average (uniformly distributed) fibre misalignments. Figures 9a,b and 10a ,b as well as tables 2 and 3 show that the normalized stress intensity factor and energy release rate of the outer hoop layer are somewhat higher than their inner hoop layer counterparts.
Examination of tables 2 and 3 further reveals that the maximum computed mode II stress intensity factor and energy release rate, for the thickness-induced transverse shear/normal deformation (linear elastic, R i /h = 3), at propagation pressure are 152.6 MPa √ m and 2161.1 kJ m −2 , respectively. The former value is comparable to the mode I fracture toughness of mild steel (140 MPa √ m); see table 9.1, Hull & Clyne [64] . However, the magnitude of energy release rate is much higher than the reported maximum mode I fracture energy of even pure Al (1000 kJ m −2 ), because the effective transverse Young's modulus of a unidirectional carbon/epoxy lamina is much lower than that of even pure Al. The maximum computed mode II stress intensity factor and energy release rate, for the average (uniformly distributed) fibre misalignments (linear elastic, R i /h = 6), at propagation pressure are 15.1 MPa √ m and 21.2 kJ m −2 , respectively. These values are comparable to the mode I fracture toughness of Al alloy MPa √ m) and fracture energy (8-30 kJ m −2 ); see Table 9 .1, Hull & Clyne [64] .
Finally, figure 11a ,b displays variation, with the normalized kink-crack length, a * j , of normalized kink-crack half-bandwidth, c Figure 11a ,b as well as tables 2 and 3 show that the normalized kink-crack half-bandwidth of the outer hoop layer is slightly higher than its inner hoop layer counterpart. Figure 11a ,b clearly exhibits the broadening of the kink-crack (damage) half bandwidth with the kink-crack growth starting from a fibre misalignment defect located at the inner surface of each lamina. This is in general agreement with the experimental results of Moran et al. [38] and Moran & Shih [39] . Figure 1 of Moran & Shih [39] schematically depicts the steady 'state kink band broadening in which edges propagate laterally into unhardened material. The material within the band is strain hardened and is highly resistant to further deformation' [38] . 
Summary and conclusions
This study addresses the issue of localization/delocalization and compression fracture in thick imperfect cross-ply very (infinitely) long cylindrical shells (plane strain rings), under applied hydrostatic pressure. A fully nonlinear FEA is employed to study the combined effects of modal imperfections, transverse shear/normal deformation with/without the reduced transverse shear modulus, G LT (caused by uniformly distributed fibre misalignments) on the emergence of interlaminar shear crippling-type instability modes, related to the localization (onset of deformation softening), delocalization (onset of deformation hardening) and propagation of mode II compression fracture/damage. This investigation answers the question: what are the geometric and/or material parameters that would induce localized and delocalized states in cross-ply cylindrical shells under hydrostatic compression simultaneously, and what would be the consequences of such occurrences. The primary accomplishment is the (hitherto unavailable) computation of the layer-wise mode II fracture toughness (stress intensity factor), fracture energy (energy release rate) and kink-crack bandwidth, under compression, from a nonlinear FEA, using Maxwell's construction and Griffith's energy balance approach. Additionally, the shear crippling angles in the layers are determined using an analysis, pertaining to the elastic planestrain inextensional deformation of the compressed very long cylindrical shell (plane strain ring). Numerical results include the effects of (i) thickness-induced transverse shear/normal deformation, and (ii) average (uniformly distributed) fibre misalignments (affecting G LT ), on localization and delocalization. What follows is a list of useful conclusions drawn from this investigation:
(i) Thickness-induced shear deformation, in conjunction with modal imperfection, can cause the appearance of localization (maximum pressure) and delocalization (minimum pressure) points on the post-buckling equilibrium path of a very thick (R i /h = 3) CFRP cross-ply (very) long cylindrical shell, which is instrumental to the propagation of mode II fracture at the propagation pressure. (ii) Distributed fibre misalignment, in conjunction with modal imperfection, can cause the appearance of localization (maximum pressure) and delocalization (minimum pressure) points on the post-buckling equilibrium path of a thick (R i /h = 6) CFRP cross-ply long cylindrical shell, which is instrumental to the propagation of mode II fracture at the propagation pressure.
